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ENSEMBLE MINIMAX ESTIMATION FOR
MULTIVARIATE NORMAL MEANS

By LAwRENCE D. BRowN*T* Hur Nigt AND X1aNcHAO XIES
University of Pennsylvania® and Harvard University

This article discusses estimation of a heteroscedastic multivariate
normal mean in terms of the ensemble risk. We first derive the ensem-
ble minimaxity properties of various estimators that shrink towards
zero. We then generalize our results to the case where the variances
are given as a common unknown but estimable chi-squared random
variable scaled by different known factors. We further provide a class
of ensemble minimax estimators that shrink towards the common
mean.

1. Introduction. We consider the problem of simultaneously estimat-
ing the mean parameter § = (61, -- ,6,) from independent normal observa-
tions X ~ N(0,%), where ¥ = diag{o{,--- ,0.}. For any estimator 0, our
loss function is the ordinary squared error loss

P
L(6,0) = (6; — 6,).
i=1
The conventional risk function is the expected value of the loss function with
respect to 6. That is,

P
R(6,0) = Eg(L(0,0)) = Ey(6; — 0;)°.
i=1
James and Stein (1961) study the homoscedastic case in which 02 = 0? =
cee = az. In that case they prove the astonishing result that the James-Stein
shrinkage estimator

Co?
(1.1) 0j-s(X) = (1 - ||X||2> X

and its positive part
Co?
(1.2) ST (X)=(1- X
I=s IXIE)
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dominate the MLE 6,,,;. = X for 0 < C' < 2(p—2) and p > 3. The discovery
by James and Stein has led to a wide application of shrinkage techniques
in many important problems. References include Efron and Morris (1975),
Fay and Herriot (1979), Rubin (1981), Morris (1983a), Green and Straw-
derman (1985), Jones (1991) and Brown (2008). The theoretical properties
of shrinkage estimators have also been extensively studied in the literature
under the homoscedastic Gaussian model. Since Stein’s discovery, “shrink-
age” has been developed as a broad statistical framework in many aspects
(Stein, 1962; Strawderman, 1971; Efron and Morris, 1971,1972a,1972b and
1973; Casella, 1980; Hastie et al., 2003).

There is also some literature discussing the properties of the James-Stein
shrinkage estimators under heteroscedasticity. James and Stein (1961) dis-
cuss the estimation problem under heteroscedasticity where the loss function
is weighted by the inverse of the variances. This problem can be transformed
to the homoscedastic case under ordinary squared error loss. Brown (1975)
shows that the James-Stein estimator is not always minimax and hence does
not necessarily dominate the usual MLE under ordinary squared error loss
when the variances are not equal. Specifically, the James-Stein shrinkage
estimator does not dominate the usual MLE when the largest variance is
larger than the sum of the rest. Moreover, Casella (1980) argues that the
James-Stein shrinkage estimator may not be a desirable shrinkage estima-
tor under heteroscedasticity even if it is minimax. Minimax estimators in
general shrink most on the coordinates with smaller variances, while Bayes
estimators shrink most on large variance coordinates.

In many applications, 6; are thought to follow some exchangeable prior
distribution 7. It is then natural to consider the compound risk function
which is then the Bayes risk with respect to the prior 7

B(r,0) = E+(R(6,6)) = / R(0, 6)m(d6).

Efron and Morris (1971, 1972a, 1972b and 1973) address this problem from
both the Bayes and empirical Bayes perspective. They extensively develop
this framework. Especially, they consider a prior distribution of the form
0 ~ N,(0,72I) with 7 € [0,00), and they use the term “ensemble risk”
for the compound risk. Morris and Lysy (2009) discuss the motivation and
importance of shrinkage estimation in this multi-level normal model. The
ensemble risk is described as the level-II risk in Morris and Lysy (2009).
By introducing a set of ensemble risks R(m,0) (7 € P), we can then
discuss ensemble minimaxity and other properties with respect to a set of
prior distributions P. We elaborate the definitions of ensemble minimaxity
and other properties in Section 2. The previously cited papers (and others)
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discuss the desirability of the ensemble risks with respect to the normal
priors 6 ~ N,(0,72I) with 7 € [0,00). In this paper, we will concentrate on
the ensemble minimaxity of various estimators in this respect.

Brown (2008) discusses the connection between the parametric empiri-
cal Bayes estimator and the random effects model. In fact, the estimation
problem of group means in a one way random effects model with infinite
degrees of freedom for errors (and hence known error variance) is equivalent
to the above problem. Our ensemble risk then corresponds to the ordinary
risk function in the random effects model.

The more familiar unbalanced one-way random effects model is exactly
equivalent to the generalization considered in Section 5. Again, ensemble
risk in the empirical Bayes sense corresponds to ordinary prediction risk for
the random effects model. We close Section 5 with a summary statement
describing estimators proven to dominate the ordinary least squares group
means in the random effect model.

Our article is organized as follows. In Section 2, we introduce necessary
definitions and notations related to ensemble minimaxity. In Section 3, we
discuss the ensemble minimaxity of various shrinkage estimators under het-
eroscedasticity. These include generalizations of the James-Stein estimator
as well as versions of the empirical Bayes estimators proposed in Carter and
Rolph (1974) and Brown (2008). In Section 4, We generalize our results to
the case where the variances are given as a common unknown but estimable
chi-squared random variable scaled by different known factors. In Section 5,
we provide a class of ensemble minimax estimators that shrink towards the
common mean.

2. Ensemble Minimaxity. As discussed above, we study in this paper
the behavior of shrinkage estimators based on the ensemble risk

R(r,0) = En(R(0,0)) = / R(0,0)m(do) .

If the prior m(#) is known, the resulting posterior mean E,(f|x) is then the
optimal estimate under the sum of the squared error loss. However, it is
often infeasible to exactly specify the prior. To avoid excessive dependence
on the choice of prior, it is natural to consider a set of priors P on 6 and
study the properties of various estimators based on the corresponding set
of ensemble risks. As in the classic decision theory, there rarely exists an
estimator that achieves the minimum ensemble risk uniformly for all = € P.
A more realistic goal as pursued in this paper is to study the ensemble
minimaxity (defined shortly) of familiar shrinkage estimators.
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Recall that with ordinary risk R(6, ), an estimator ¢ is said to dominate
another estimator ¢’ if
R(6,8) < R(6,8)

holds for each 6 € © with strict inequality for at least one 6. The estima-
tor § is inadmissible if there exists another procedure which dominates §;
otherwise d is admissible. § is said to be minimax if

sup R(0, ) = inf sup R(6, (5,) ,
ISE) & 6co

that is, the estimator attains the minimum worst-case risk. Similarly for the
case of ensemble risk we have the following definitions.

Ensemble admissibility and minimaxity. Given a set of priors P, an
estimator 4 is said to dominate another estimator ¢’ with respect to P if

R(r,8) < R(w,§)

holds for each m € P with strict inequality for at least one 7. The estimator §
is ensemble inadmissible with respect to P if there exists another procedure
which dominates §, otherwise ¢ is ensemble admissible. The estimator ¢ is
ensemble minimax with respect to P if

sup R(m,d) = inf sup R(r,d) .

TeP o0 meP

The motivation for the above definitions comes from the use of the em-
pirical Bayes method in simultaneous inference. Efron and Morris (1972a),
building from Stein (1962), derive the James-Stein estimator through the
parametric empirical Bayes model with 6; ~ N(0,72). Note that in such an
empirical Bayes model, 72 is the unknown parameter. (Parameter here refers
to an unknown non-random quantity.) Ensemble admissibility and minimax-
ity with respect to P = {6; ~ N(0,7%) : 0 < 72 < oo} is then exactly the
counterpart of ordinary admissibility and minimaxity in the empirical Bayes
model. Consistent with this, we also confine P to be the one given above.
Another reason for preferring such a set P is because it enjoys the conjugate
minimaxity property (Morris, 1983a). From now on, mention of this under-
lying set P will be omitted whenever confusion is unlikely. As a explicit
notation in this setting, we define R.2(d) = R(,§) for 1 = N(0,72).

Note that ensemble minimaxity can also be interpreted as a particular
case of Gamma minimaxity studied in the context of robust Bayes analysis
(Good, 1952; Berger, 1979). However, in such studies, a “large” set consisting
of many diffuse priors are usually included in the analysis. Since this is quite
different from our formulation of the problem, we use the term ensemble
minimaxity throughout our paper, following the Efron and Morris papers
cited above.
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3. Main Results on Ensemble Minimaxity. In this section, we
discuss the ensemble minimaxity of various shrinkage estimators. We first
present a general theorem characterizing a class of shrinkage estimators that
are ensemble minimax. We then study the ensemble minimaxity of James-
Stein-type shrinkage estimators, along with several supplementary theorems
highlighting the difference and similarity between our results and those ob-
tained in the homoscedastic case. Finally, we investigate the ensemble min-
imaxity of the parametric empirical Bayes estimator via method of mo-
ment estimation, a case with several open problems unresolved during our
study. Throughout the current discussion, the variances 01-2 are assumed to

be known; the case of unknown o? is addressed in the next section.

3.1. General Theory. As discussed in Section 1, when p > 3 and 0 <
C < 2(p—2), both §;_g in (1.1) and §} 4 in (1.2) are known to be min-
imax under the homoscedastic model. However, this is not always the case
under the heteroscedastic model. Brown (1975) shows that for any C > 0, if
S 02 <2max{o?}, both §;_g in (3.1) and 6} ¢ in (3.2) are no longer min-
imax in the ordinary sense. This is one motivation for instead studying the
ensemble minimaxity for these shrinkage estimators. Before presenting our
main result, we first give a lemma concerning the evaluation of the ensemble
risk R 2(8) that will be repeatedly used in subsequent discussion.

LEMMA 3.1.  The ensemble risk of any estimator § with the form 0;(X) =
(1 = hi(X))X; can be written as

_ P o2 2 22
R2(0) = 21 E,; (MXz‘ - hz‘(X)Xz‘) + |

where the expectation is taken with respect to the joint distribution of X such
that X; ~ N(0,7% + 02) and all the coordinates are jointly independent.
PRrROOF. By definition, we have

p

R.2(6) = / / L(6, 8(x)) Pyjg(da)mr (d) = S B(X; — 0:)2 .

=1

Note that
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and (0;, X;) are jointly independent for different i, we have from the property
of conditional expectation

p
R2(0) = Y [E:(0i(X) — E(0:]X))* + E-(E((0; — E(0:] X:))*|X))]
i=1
P 2 2 252
= E,[(1-h(X)Xi — =X, i
; <( hi(X)) 72 + o2 > +72+0i2
v | o2 P22
= Ey | 5"=Xi —h(X)X; ——
; (7’2—#03 hi(X) ) +7'2+al-2

where F, is used to emphasize that the expectation is taken with respect
to the marginal distribution of X, i.e., each coordinate X; has the normal
distribution N(0,7% + ¢7) and they are jointly independent. O

Under the heteroscedastic model, we define the James-Stein-type estima-
tor dj_g as

Co?
3.1) (67-5(X))i = (1 - ’) X .
( ’ XI?
Its positive part 57—5 is then
Co?
(3. (3 (X)): = (1 - ||X|!2> X,
_l’_

Estimators of this general form appear as a generalization of the original
James-Stein proposal in Brown (1966). See also Efron and Morris (1971).
To study the ensemble minimaxity of these two estimators, we first present
a general result that characterizes a class of shrinkage estimators that are
ensemble minimax.

The general result refers to estimators with the form 6;(X) = (1 —
hi(X))X;, as in Lemma 3.1, and in which h; is symmetric in the sense that

(3.3) hi(X) =hi(XT, -+, X2).
In addition, we define
p X2

3.4 = —I
(3-4) W z_: 72 4 02

7j=1 J

X?

(3.5) T, = —+—,i=1,---,p.
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In this way X? = (72 + ¢?)WT;, and h can be rewritten as a function of
T = (Th,---,Tp) and W. With a minor extension of the notation, write
b(z’ W) = h((TQ + J%)WTD ) (7-2 + J;%)WTP)

THEOREM 3.1. An estimator 0 with the form 6;(X) = (1 — hy(X))X
is ensemble minimaz if each shrinkage factor h;(X) satisfies the following
conditions:

(1) hi(X) =0, VX.
(2) hi(X) can be written in the form (3.3).

(3) b;(T,W) is decreasing in W for fized T.
(4) bi(L, W)W is increasing in W for fized T.
(5) ,
207
E [S%p hi(L,W)| < O_Z'QTZTQ :
PROOF. From Lemma 3.1. and the fact that
P
R.2(60) = Za?,
=1
it suffices to show that for each i,
o2 P o
3.6 E X, - h(X)X; | < —*—
(3.6) 02 + 72 ! (X)X T 124027
which is equivalent to
B h(xX12x2] < 2% B [h(x)X?
(X)°XE] < e B 0]

To prove the above inequality, first note that condition (2) indicates

E[h(X?X?] = E[0:(L,W)(r* + o)L,V
= E[BE®O(L W)+ o))TW x 0:(L,W)|T)] -

From condition (3), (4) and the covariance inequality, we then have

B [h(X)2X?] < B[E(0:(T.W)(r* + o) TWIT) x E(h:(T.W)|T)]
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which implies

B [n(x)*x?] < B [E(hi(T, W) (72 + oY TLWIL) x B <s17{pm<T, W)T)] .

Based on the independence of T' and W, we have

B [h(X)’X}| < E [E(bi(T, W)(r* +0})TLWIL) x E <s1;p (L, W))]
= E (SlTlp bi(Z, W)) x Elh(T,W)T;W] ,

which along from condition (5) shows

202 :
242 2 2 _ . 2
E [hi(X) Xi} < ‘712 +ZT2E(bi(I, W) (7% + 07 )W) = ‘712 +ZT2E(h1(X)Xi) .
This proves the ensemble minimaxity of é.
O

Note that most of the conditions in Theorem 3.1. are rather intuitive to
understand. Condition (1) simply means that the estimator is indeed a gen-
uine shrinkage estimator, and never an expander. Condition (2) implies the
shrinkage estimator has a certain natural symmetry property. Condition (3)
requires the amount of shrinkage to decrease when the distance of the data
vector is further away from the origin. Condition (5) controls the expected
overall amount of shrinkage according to the ratio of the variability of the
observation and that of the prior, but this condition is less intuitive than
the others.

Let 1 € RP. Consider estimation of the linear combination p'6 under
squared error loss Li.(d,6) = (d — p*8)?. Ordinary minimaxity and ensemble
minimaxity can be defined for this loss. As a Corollary to Theorem 3.1, we
have

COROLLARY 3.1.  Assume conditions (1)-(5) of Theorem 3.1. Then the
estimator §j = pu'd is an ensemble minimaz estimator of n = u'é.

PROOF. From the proof of Theorem 3.1., we see that ensemble minimax-
ity is actually achieved for each coordinate, that is, for any i =1,--- , p,

Ric(6:,0;) < o? .

This proves validity of the corollary. O
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3.2. Ensemble Minimazity of James-Stein-type Shrinkage Estimators. With
Theorem 3.1., we then proceed to study the ensemble minimaxity of certain
shrinkage estimators. These estimators include the original James-Stein es-
timators. As we will show, the original James-Stein estimator is often-but
not always-ensemble minimax. Consider the estimator dgg with the form

(3.7 (Gas (X0 = (1- —% ) x,
. GS i — V¢UZ-2 n ||X||2 73

where \; and v; are properly chosen constants. Consider also its positive
part version 5255 given by

(3.5) G0 = (1 —2% ) x,
' as(X): T IxE ),

Note that these forms are generalizations of the original James-Stein forms,
as can be seen by setting v; =0, \; = C.

The following two corollaries state conditions under which dgg in (3.7)
and &g in (3.8) are ensemble minimax.

COROLLARY 3.2. dgg in (3.7) is ensemble minimaz if p > 3 and for any
i=1,-,p,0< N\ <2(p—2) and v; > (N/2 — (p—2)-02,,/0%)+ with

’?m'n = mlm{af}

o
COROLLARY 3.3. 555 in (3.8) is ensemble minimaz if p > 3 and for any
i=1,---,p,0< N\ <2(p—2) and v; > [\i — (p— 2)(1 + 02, /02)]+ with

2, =min{o?}.
2

Omin

Remarks: When v; = 0 and \; = C, dgs in (3.7) and 6} in (3.8) reduce
to the James-Stein estimators in (3.1) and (3.2). In the case where o are
all equal, Corollary 3.2 and 3.3 show that 6;_g in (3.1) and 6 ¢ in (3.2)
are each ensemble minimax when 0 < C < 2(p — 2). This reaches the same
conclusion as James and Stein (1961).

When the values of o7 are not all equal, the results in Corollary 3.2 and
3.3 do not always establish ensemble minimaxity of §;_g in (3.1) and 6 ¢
in (3.2) for the entire range 0 < C' < 2(p — 2). Specializing the conditions of
Corollary 3.2 to the case where A\; = C and v; = 0 yields that d;_g in (3.1)
is ensemble minimax if

02

(3.9) C <2(p—2)—Fun.
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Thus, for any C' > 0, there are configurations of o2, - ,ag for which the
conditions in Corollary 3.2 fail to prove d;_g in (3.1) is ensemble minimax.

For 5;_3 in (3.2), the situation is a little different. Specializing the con-
ditions of Corollary 3.3 to the case A\; = C' and v; = 0 yields that 5}_ g in
(3.2) is ensemble minimax if

2
Tmin )

2

max

(3.10) C<(p-2)(1+

Hence, when C < p — 2, the conditions in Corollary 3.3 are always satisfied
by 5}_5 in (3.2). However, for any C' > p — 2, there are configurations of
i, , 07 for which Corollary 3.3 fails to prove 61 ¢ in (3.2) is minimax.

Theorem 3.2 and 3.3 below address ensemble minimaxity of 6;_g in (3.1)
when C' > 0 and §} 4 in (3.2) when C' > p — 2. They state conditions under
which §;_g in (3.1) and 0 _g in (3.2) can fail to be ensemble minimax when
C > 0or C > p— 2, respectively. There is a gap between the conditions
in Corollaries 3.2 and 3.3. We do not as yet have a formulation of a sharp
necessary and sufficient condition for ensemble minimaxity of d;_g in (3.1)
and 61 ¢ in (3.2) in the case of general o7, - - - 0.

PRrOOF. Proof of Corollary 3.2

It is sufficient for us to verify that the conditions in Theorem 3.1 are

satisfied by
\io?
vio} + || X||?
A\io?
vio? + 25?21(02-2 + ) T,W
= hi(L,W).

hi(X) =

Clearly, the shrinkage factor h;(X) satisfies conditions (1)-(4). For (5), define
gi(W) as

2
\io;

vio? + (02, + THW

m

(W) =

Then, supy h;i(T, W) < g;(W). Using the covariance inequality, we have

Ela(W) = E AL < i
lg:(W)] vio? /W +o2. +72| = Eyo?/W + a2, + 12
)\10’1»2

vioy + (p = 2)(00n

+72) "
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From the condition 0 < \; < 2(p—2) and v; > (\i/2— (p—2) - 02,,/0%)+ ,
it is then easy to verify
Ai 02 207
< Y

which completes the proof. O

PRrOOF. Proof of Corollary 3.3
As in the proof of Corollary 3.2., it is sufficient for us to verify that
conditions in Theorem 3.1 are satisfied by h; (X) = hi(X) A 1, where

)\iUZZ
vio} + || X||2
\io?
vio? + Z?Zl(af + ) T,W
= h(T,W).

hi(X) =

Conditions (1)-(4) are straightforward If 72 < 02, (5) is also automatically
satisfied. Assuming 72 > o2, define g;(W) as

)\02

(W) = vio? + (02, + AW

mzn

Note that supy h; (L, W) < g;(W). Using the covariance inequality we have

Nia? /W E[\ic? /W]
Elg(W) = E 1 < 1
lg:(W)] vio? /W + o2, +72| = Elyo?/W + o2, + 12
i 02

vio; + (p = 2) (0, +7)
Now we only need to show
N\io? 202
<
Vla + (p 2)( mm+7_2) N O-i2+7-2

for 72 > o2, which is equivalent to
207 ((p = 2) = vi) < (07 +7°)(2(p — 2) = M) +2(p — 2) 07, -

Since 0 < \; <2(p—2) and v; > [N; — (p — 2)(1 + 02,;,,/0%)]+, we have
207((p—2) —wi) < 207(2(p—2) = N\) +2(p—2)o

2
% min

< (0?4 )2Ap—2) — M)+ 2p — 202

which completes the proof. O
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THEOREM 3.2. For any C = c(p — 2) with ¢ > 1, there exists some
sufficiently large p > 3 and some o3, ,ag such that §F ¢ in (5.2) is not
ensemble minimaz.

PROOF. Fix 0? > 0 and set 05 = --- = az = 02. Let 02 — 0. In order to

show that (5}1 g dominates dg with respect to P, we have to prove

3.11 Eh(x)2x2]| < 2U%Eh X)Xx2
(3.11) mCO*XE] < E B ()X
v o(p - 2)o?

However, the law of large numbers implies that

clp—2)of  clp—2)of p o}

- - 91
X112 pIIXIPP

as p — o00. Let 07 < 72 < co?, we then have
hi(X)—1
as p — oo. Since 0 < h1(X) < 1, the dominated convergence theorem implies
E(h(X)*X]) - 7% + o1
and
E(hi(X)X}) — T2+ 07 .
However, our choice of ¢? and 72 indicates

2
201

1> ——
72 4 0%’

which means that the inequality (3.11) does not hold for large p. Hence,

5}7 g in (3.2) is not ensemble minimax for some p and o2, ,Ug . O

The above results show that for 5}1 g in (3.2) to be ensemble minimax,
the constant C' must have a much smaller upper bound under the general
heteroscedastic model than under the homoscedastic one. Furthermore, it
is proved below that d;_g in (3.1) is not even always ensemble minimax
regardless of the choice of C.
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THEOREM 3.3. For any C > 0, there exists some a%,-~-,o’% such that

dj_s in (3.1) is not ensemble minimaz.

PROOF. Fix 0 =1, and let 03 = --- = 02 = ¢2. It suffices to show

2
p

lim R.2(0;_5) =0 .
2 50

o2 =0

From Lemma 3.1., we have

Jim Falbs) >l B (X - o)

o2 =0 o — 0

1 C 2 1 2
lim -E(-—-X;)] — lim E X
oo 2 (|rXu2 ) oo (75)

g — 0 g — 0

1_(C?Xx?
lim —FE L) -1
i <||X||4>

o2 >0

v

Y

Since the last term is finite, it is sufficient to prove

X2
lim E|—L |=w
e <rrxr4>

Let Xq = \/1—1—7’221, Zy ~ N(O, 1), and X; = \/7’2—|-O'2Z7;, Ly~ N(O, 1),
Vi=2,---,p. Therefore,

X? 73
b <||X1II4> = (+mE (((1 +72) 2% + (721+ %) iz Z?V) '

z3
(+72) 22 +(2+02) 307, Z27)?
crease to zero and

Note that is increasing when both o2 and 72 de-

i X3 1
1m = —5.
2o [IX* 27

o —0

From the monotone convergence theorem, we have

X2 1
lim F LV=-F <> =0
0 <||X||4> A

which completes the proof. O
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The fact that d;_g in (3.1) is not in general ensemble minimax may be
quite surprising at first glance. However, this is to be expected given the form
of d7_g. Under the heteroscedastic model, d ;g may have a non-negligible
probability of dramatically over-shrinking, which causes the performance of
the shrinkage estimator to deteriorate; while such an issue is always well
controlled in the homoscedastic case.

Similar to the homoscedastic case, d7 ¢ in (3.2) is always better than
dj—s in (3.1) in terms of ensemble risk under the heteroscedastic model. A
general result is given in the following theorem.

THEOREM 3.4. Let § be any estimator with the form 6;(X) = (1 —
hi(X))X; and §7(X) be its positive part estimator such that 57 (X) = (1 —
hi(X))+X;. If P(6 #6%) > 0, then §* dominates § with respect to P.

PROOF. First note that §; is equivalently written as 6 (X) = (1 —
ht(X))X, where b (X) = hi(z) A 1. From Lemma 3.1., we have

R.2(6%) — R,2(5)

- Y& Khj(X) +ha(X) — ﬂ) (hi(X) = hH(X))X2
=1 7

Since for any i = 1,--- | p,

h@-(X)—h?(X>={hi(X0)_l ﬂg%: ’

)
: + 207 + 2
= DB || () +hi(X) = 55 | (hi(X) = b (X)X;
- L T+ 0}
= ZP:E — 1+ hi(X) — ) (hi(X) — 1) XTI
= 2 _ 7 7_2_‘_0_1;2 4 i {hi(X)>1}
> XP:E _ 2 207 (hs(X) — 1) X2I >0
= = _ 7'2—1-0? i i H{hi(X)>1}
which completes the proof. O

COROLLARY 3.4.  For any constant C >0, 6+ 4 in (3.2) dominates §;_g
in (3.1) with respect to P.

ProOOF. Directly from Theorem 3.4.. O
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3.3. Parametric empirical Bayes estimator (via Method of Moments).
Carter and Rolph (1974), Brown (2008) and Efron and Morris (1973, 1975)
each derive parametric empirical Bayes estimators for the heteroscedastic
problem. The first two papers use method of moments to estimate the hy-
perparameter 72. (Morris and Lysy (2009) also discuss such estimators.) We
will discuss here ensemble minimaxity of such empirical Bayes estimators.

In contrast, Efron and Morris (1973, 1975) use a maximum likelihood
method for this step. The resulting estimation does not have an explicit
closed form, although it is easily calculated numerically. For this reason we
have (so far) been less successful in settling the ensemble minimaxity of this
empirical Bayes version, and we do not address this issue here.

In this subsection, we treat the special case of shrinkage to 0. The pre-
viously cited references (and others) involve shrinkage to a common mean.
This generalization is treated in Section 5. While our results in the present
subsection shed some light on the ensemble minimaxity of these estimators,
they are unfortunately not as nearly complete as are our preceding results
about generalized James-Stein estimators.

As mentioned above, if 72 is known, the optimal estimator of §; (i =
1,---,p) would be

2
— 9 ,

(3-12) (5B(X))i = <1 - 7'24-(712) Xi,
which is the Bayes estimator. However in the empirical Bayes setting, 72 is
an unknown hyper-parameter to be estimated. The idea of the parametric
empirical Bayes method is to use {X;} to obtain an estimate of 72 and then
substitute the estimate of 72 into (3.12) to yield a final estimator of {6;}.
Below we use the method of moments estimator

o 1

2

S B

P4
and its positive part
2 1[G 2 2
p =1 +

In practice, some other constant “1/C” is oftens used in lieu of “1/p” above.
The corresponding parametric empirical Bayes estimator is then given by

o} |
(3.13) (6pEB(X))i = (1 T2t Iy (X7 - 0—?)) Xi )



16 BROWN ET AL.

along with its positive part estimator

o2

Note that the form of the parametric empirical Bayes estimator dpgp in
(3.13) differs from the James-Stein-type estimator d;_g in (3.1) in the use
of the term Co? + Z§:1(X]2 — 0]2) instead of Z§:1 X]2 in the denominator.
Therefore the former denominator can be much smaller than the latter and
hence lead to over-shrinkage. Not surprisingly, the conditions needed for
ensemble minimaxity appear somewhat more restrictive than in the James-
Stein case.

The following corollary contains conditions that guarantee ensemble min-
imaxity for the parametric empirical Bayes estimators. Simulation results
(not reported here) lead us to conjecture that ensemble minimaxity holds
under somewhat less restrictive conditions.

COROLLARY 3.5. Assume

P2
(3.15) p<Z0 c <oy ).
g,

min
Then both Spgp in (3.13) and 5% 55 in (3.14) are ensemble minimaz.

Remark: In the homoscedastic case, Condition (3.15) requires p < 2(p —
2). This is satisfied if and only if p > 4. In that case, dpgp in (3.13) and
§ppp in (3.14) are ensemble minimax if 4 < p < C < 2(p — 2).

P o2

PROOF. Set \; = C and v; = C' — =25, Condition (3.15) guarantees
that v; > 0 and \; < 2(p — 2). It is evident that 0peB = 0as. A little care
with the positive part conditions shows that also 5;E B = (553.

It then follows from Corollary 3.2 that dppp = dgg is ensemble minimax
if

C o2
3.16 diff =v; — [=— — (p — 2) 2] > 0.
(316) = vi— [~ (= 2) 7] 2
Substituting and simplifying yields
. C Zp—l o? 0'72m-n
aff = 5 - =97

v
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since >°%_, 03 > popn = (p — 2)0%,,- Hence, from (3.15),
C 1.7_ 0'2.
diff > —+p-2- =51
2 Omin
p 2
> Lo =20
- 2
2 Omin
> 0.

This verifies (3.16) and proves dpgp is ensemble minimax.

The proof for 5;E p is similar, but easier. \; and v; are defined as before.
Condition (3.15) is still required in order that 0 < \; < 2(p—2) and v; > 0.
Truth of (3.16) validates the remaining condition in Corollary 3.3, and hence
proves 5;E p is ensemble minimax. ]

THEOREM 3.5. Letp > 1 and C > 0. Then there exists some o2, -- ,012,

such that 0pgp in (3.13) is not ensemble minimazx.

PrOOF. When p = 1, set 72 = 1. From Lemma 3.1., we only need to show

C 2 1
lim E X, — X)) >—.
e (1+a% YTX2 4 (C—1)02 1) 1+ 02

Since

E( LI ¢ X)2
1+027' X241 (C—-1)02"!

1 C 2 1 2
—E X,) - E X
2 (X%+(C—1)a% 1) (1+a% 1)
1

_ 1p C2X? 1
27 (X2 4 (C —1)0?)2 140}

v

where the last term is finite, it is then sufficient to show

X2
1 lim F L =00 .
(3 7) 0'%1210 ((X% + (C — 1)0’%)2> >0

When C < 1, this is trivial. In fact, it holds for any ¢7. When C' > 1, let

X1 =1/14+02Zy, Zy ~ N(0,1), we have

5 X2 5 (14 02)2?
(X +(C-1)0o7)?) (14+0D)Z; +(C=1)0})?)
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z3
(1+07)Z7+(C-1)a?)

Since 5 is increasing as o7 — 0, and

I VA 1
1m = —,
o2—0 (1 +07)Zf +(C = 1)0?)?  Z7%

from monotone convergence theorem, we have

A 1
lim E ! =E(—5)=0c.
éﬂ)<«LH@Z%HC—DﬁV> <ﬁ> >

Note that 1+ 07 — 1 as 02 — 0, (3.17) is then verified. Hence, when p = 1,
dppp in (3.13) is not ensemble minimax.

For the case where p > 2, let 02 =1 and 03 = --- = ag = C. Again from
Lemma 3.1. we have

5 > F - X
R (dppB) > (7.2_,_13:1 C+|IX||P-1-(p-1)C 1)
1 C2X1 1 2
> -E “El X
= 2 < IX[1* =1 = (p—2)C)? ) ((TQH)Q 1>
1

_ 1p C2 X7 1
) (IX|I? = 1—(p—2)C)2 7241
i
)C,

%X 1
<\|X||2—1—<1p 207 ‘Xlﬂ_ﬂﬂ‘

For any X7 < 1+ (p — it is not difficult to see that

C?X?
b <(HXH2 —-1- (lp_ 2)0)2 ‘ Xl) =00

and
P(X}<1+(p»-2)0C)>0,

C?X? B
b ((HX\P ~1-(p— 2)0)2> %

we then have

which implies

(3.18) RTQ((SPEB) =00 .
Therefore, dpg B in (3.13) is not ensemble minimax. To sum up, there exists
some o7, ,0a such that ppp in (3.13) is not ensemble minimax. O
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Unfortunately, we have been unable to obtain a complete answer on the
ensemble minimaxity of the positive part estimators 55y in (3.14). Nev-
ertheless, the following theorem indicates that unlike in the case of James-
Stein-type estimators C' can not be too small.

THEOREM 3.6. For any p, there exists some sufficiently small C' and

some a3, - - ,ag such that %, p in (3.14) is not ensemble minimaz.
PROOF. Let 0% = ... = ag =1 and 72 = 2. Similarly as above, to show

that 055 in (3.14) is ensemble minimax, we would need to have

(3.19) E <§p: h?(X)Xf) < %E (f: h,(X)Xf)
i=1 =1

with
1

) = X oy

Notice that h;(X) — Ijjx|2<p as C — 0 and h;(X) < 1, from dominant
convergence theorem, we have

p
E <Z hf(X)Xf) = B ||IX1PIyxje<p]
=1

and »
E (Z hi(X)Xi2> = B [|X*Ixe<p)]
=1

as C' — 0. Hence, as C — 0, (3.19) would no longer always hold. Thus,
there exists some sufficiently small C' and some 0%, - - - ,az such that 5; BB
in (3.14) is not ensemble minimax. O

One interesting observation here is that as C — 0, 6555 reduces to the
hard-threshold estimator X'1¢|x|2>,2) under the homoscedastic model. The
above theorem simply indicates that the hard-threshold estimator is worse
than the ordinary MLE in terms of ensemble risk when 72 > 2.

Similar to the James-Stein estimator, 5;5EB in (3.14) is better than dppp
in (3.13) in terms of ensemble risk.

COROLLARY 3.6.  For any constant C > 0, 05pp in (5.14) dominates
dpgp in (3.13) with respect to P.

PRrROOF. Directly from Theorem 3.4.. O
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Although simulation results lend support to the conjecture that S;E p in
(3.14) is ensemble minimax when 1 < C < 2(p — 2) (the lower bound could
be much smaller) and p > 3, a rigorous proof is still yet to be found.

4. Generalization to the Unknown Variances Case. The discus-
sion so far has been focused on the ensemble minimaxity of shrinkage es-
timators assuming the variances o2 to be known. It is common in many
circumstances that variances are unknown and have to be estimated from
data. Here we consider the case where X; ~ N(0;,02%y;) fori =1,---  p with
unknown o? but known ;. Denote I' = diag{~1,--- ,7,}. We also assume
that o2 is estimated by M ~ o2x2, /m where M is independent of X, an as-
sumption which is satisfied in applications in which a pooled estimate of o2
is used. In particular, this setting corresponds to the one-way random effects
setting of Section 5.2 with ~; = 1/.J; where J; is the number of observations
in group i. We will discuss the ensemble minimaxity of some shrinkage esti-
mators. First of all, we give two lemmas that will be used in our later proof.
The first one is the generalization of Lemma 3.1. to the unknown variances
case.

LEMMA 4.1.  The ensemble risk of any estimator 6 with the form §;(X, M)
(1 — hiy(X,M))X; has the following representation

7202%‘
T2 + 02,

(41)  R,2(0) = ZP:E

=1

)

02%‘ 2
(7_2 n 0_27i X, — hl(X, M)Xz +

where the expectation is taken with respect to the joint distribution of (X, M)
where each X; ~ N(0,72 + 0%v;) and M ~ o?x2,/m, and they are jointly
independent.

PRrROOF. The proof follows the same approach as in Lemma 3.1. once we
condition on M. First note that

R2(6) = zp:((Sz'(X, M) — 91‘)2]

i=1

E[E[(6:;(X, M) — 6;)*| M]]

Il
M

1

-.
Il

Since given M, (6;, X;) is an independent array whose distribution is

()M () (2 2]
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Conditioning on M, we have, as in Lemma 3.1.,

B(6:(X, M) — 6;)°| M]

i ’ T20%i
= X; — hi(X, M)X; | |M| + 2T
<T2+U2’YZ' i~ ha(X, M ) +T2+a2%’
which then implies
o P
R.2(0) = ) BIB[(6:(X, M)~ 0;)°]|M]
=1
p o2 2 7202
= £ g X T (X M)X |+
S\ oy T+ 0%

O

The second Lemma is an inequality concerning expectations of non-negative
random variables.

LEMMA 4.2.  For a non-negative random variable M and two non-negative
functions (M) and p' (M), if the ratio r(M) = (M) /i (M) is non-decreasing
i M, we then have

EMp(M)) _ EMp/(M))
E(u(M) = BG(M)

assuming all expectations are finite and mon-zero.

>

PROOF. First we use /(M) to induce a new probability distribution

_ p'(m)
Pu(M € A) _/AE(M/(]W))dm.

Using this change of measure, we have

EMpOD] o E(O)
By - MDD
and
BOME(M)
Ban) o

the original inequality then becomes a direct application of covariance in-
equality under the new probability P,. O
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Define 6ggy with the form

(4.2) (dasv(X))i = (1 B m)

We have the following theorem characterizing the ensemble minimaxity of
dasv(X) in (4.2). The upper bound for \; is slightly smaller since we are
now estimating o2, a phenomenon observed in similar studies under the
homoscedastic model.

THEOREM 4.1. dggy in (4.2) is ensemble minimaz if p > 3, m > 3 and

for any 1= 17 cee LD, 0< )‘z < 27);[5];*22) and v; > ( Z:ln+22))\ - mznz;‘:zl(p2)2))+.

PROOF. As in the proof for the known variance case, based on Lemma
4.1., it suffices to show

) . 2 2. ) )
( Ai Mry; 2) XZQ < 220 Vi 2E < AiMy; 2X22> ‘
viM~; + || X]|| o2y + 727 \viMry + | X||
Conditioning on M and following the proof in Theorem 3.1. and Corollary
3.2., we know

AiMi )22
E < X:
[ viMy; + | X2
AiM i AiM ;i
< E{E(ZX2M>><E< M)]
Vi 4 X Vs + (i + W

The difficulty here is that a direct application of the covariance inequality
on the two conditional expectation is no longer helpful since they are both
increasing in M. However, by moving the M in the numerator of the second
conditional expectation to the first one, the covariance inequality can then
be applied, i.e.,

[ , . 2
E( AiMy; )Xﬂ

viM~y; + || X||?
[ Ai My ) ( Ai My )]
< F|F ( M x F M
- U \yiMAy; + HX||2 viM~; + (0%Ymin + TQ)W‘
[ /\ M? Yi )\z’h )
= F|F M M
(VZM% + HXH2 VZM% + (02 Vmin + 72)W|

| AiM > Arvi
= F|F M M
_ (waHXH? )] Gam o™

A MQ’)/l Z’Yz
= F x F .
(VZM% + [ X2 ) viMyi + (0% Ymin + 72 )W>
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Now let Y
M
pis(M) = ———
viM~; + s
notice that the ratio r(M) = pus(M)/pg (M) is non-decreasing in M for
s > &', from Lemma 4.2. we then have

AiM2; ) ( i M2y ) (AiM2’Yi‘HX||2 )
E (vt X o ElanerkeX) L EUsmdreX
E ( A M~y; |X) T X2 B ( A M~y; |X) [X|]2—o0 ( A Moy o|| X |2 |X> ’
vi M+ X2 vi M+ X]? vi My +[| X112

Applying monotone convergence theorem gives us

i M2~ || X2
lim (Vz‘MV;YHl\'X”Q |X> _ E<M2) _ (m + 2)o?
_ XiM;-|| X2 - - ’
NI B (Gamae X)  FOD

which along with the previous inequality implies

A\ M2 22 s M~
P iM?; X é(er Jo E< iM~; 2|X>‘
viM~; + || X || m viMy; + || X||

Multiplying both sides by X? and taking expectation leads to

XM x2) < (m + 2)02E ( AiM i Xf) .
viMy; + || X2 m viMyi + || X2

Since we have already shown that

M~ 2 A M2~ iy
E <72> X} <EB|—2 T x? xE( MELE— )
viM~; + W viMy; + || X|| viM~i + (0% Ymin + 72)W

in order to prove

i M~; 2 202, N M~;
E (2%2) XzQ < 20712E< i VL5 2X12>’
viMAy; + | X| o2y + 7127 \viMy; + || X]||
it is then sufficient to show

(m + 2)o? 5 ( i ) - 202;
m viM~; + (029min + T2)W ) — o2y, + 72
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As in the proof of Corollary 3.2., using the covariance inequality twice, we
have

(m + 2)o? AiYi
B = 2~ 2
m viM~; + (0% min + T2)W
2 .
_ (m+2)o > ( Aivi/ W >|M]
m ViM’yi/W+(U2'Ymin+T2)
_ (m + 2)02E [ E(\vi/W|M) ]
m | E[(vi M~; /W + (02ymin + 72)) | M]
_ (m+ Q)UQE [ AiYi ]
m LviMy; + (p — 2)(02Vmin + T2)
_ (m+ Q)UZE [ Aivi/M }
B m Lvivi + (P — 2)(0%Ymin + 72) /M
. (m+2)e? E(Aivi/M)
N m E(vivi + (p — 2)(0%Ymin + 72) /M)
(m + 2)o? Aivi - m/(m —2)

m vio?yi + (p — 2)(02Ymin + 72) - m/(m — 2)
(m + 2))\2")/1‘ . O'2
(m = 2)v;02y; + m(p — 2)(02Ymin + 72)

Now applying the condition 0 < ); <

m—2)
%(_p;)z))Jr, we finally have
(m +2)\y; - 02 < 202
(m = 2)vjo?y; +m(p — 2)(0%Ymin + 72) = oy + 72
which completes the proof. O

For the corresponding positive part estimator 5253‘/ given by

AiMy;
4.3 e (X)) = (1 — H) X;
( ) ( GSV( )) VzM’Yz + HX||2 N

as in the case of known variance, a slightly stronger result holds.

THEOREM 4.2. (%SV in (4.3) is ensemble minimax if p > 3, m > 3 and

for anyi =1+ ,p,0 < A < 22 and vy = (FE A=) (14 200) 1

PROOF. The proof follows similar steps in the proofs of Corollary 3.3. and
Theorem 4.1., therefore, we will skip most of the details and only highlight
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the parts that are substantially different. First let the shrinkage factor

Ai My; )

(X, M) = min(1, hy(X, M)) = mi <1,
F(X, M) = min(L, bi(X, M) = min ( 1, 2

As before, we have to prove

20%;

E [nf (X, M)*X?] < o

E [hf (X, M)X?] .

When o2v; > 72, the above inequality is trivial. From now on, assume
o%y; < 2. As in the proof of Theorem 4.1., we have

AiYi
E |t (X.M)?2X2| < E(hf (X, MYMX? E( LI )
[z( ) ) z}— (z( ) ) z)x VZ‘M’Yi‘f'(O'Q’Ymin_‘_TQ)W
Define M
. VLY
(M) = 1, == )
) = min (1.3 )

Note that the ratio r(M) = us(M)/ul(M) is still non-decreasing in M for
s > . As in Theorem 4.1., applying Lemma 4.2. and monotone convergence
theorem leads to

E (b (X, M)MX?) < (m+mQ)U2E (nf(x,M)X7) .

It is then sufficient to show

(m +2)o” ( AiYi ) 207
m viM~; + (0 Ymin + T2)W ) 7 0%y + 72

whose proof follows exactly the same argument used in the last part of the
proof of Corollary 3.3. O

When ); = C and v; = 0, dgsy in (4.2) and §gy in (4.3) reduce to the
James-Stein estimator and its positive part for the unknown variance case.
Similar to the known variances case, the choice of C' in the above theorems
is different from that in the homoscedastic case. For the homoscedastic case
and ordinary mini;n?xig%/, the upper bound of the constant C' can be chosen

p

to be as large as % for the original James-Stein estimators. While for

our case, the upper bound becomes %;22). Like in Theorem 3.2., it can be
shown that the bound can not be easily improved. However, we omit the
result here for simplicity.
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We can also extend the parametric Bayes estimator dpgpp in (3.13) and
5; pp in (3.14) to the unknown variance case. Consider 6 pgpy with the form

CM~;

(4.4) (6pEBV(X)): = (1 - CM~; + ( ]]?:1 XJ2 - ?:1 M’Yj)) o

and (5;FEBV with the form

(4.5) (0pppy (X)) = CMy: ) X

1—
( CMry; + (5o X7 — X M)+

The following corollary gives the conditions that guarantee the ensemble
minimaxity of pppy in (4.4) and 6}ppy in (4.5).

COROLLARY 4.1. Assume m > 6, p > 3 and

D , _

4.6 <
( ) P Ymin m 4+ 2

Then both Spppy in (4.4) and 8k gpy in (4.5) are ensemble minimaz.

P
PROOF. Set \; = C and v; = C — % Condition (4.6) guarantees
that v; > 0 and \; < 2%1:22). It is evident that dpppy = dgsy. A little care

with the positive part conditions shows that also 5;FE By = 5551/-
It then follows from Theorem 4.1 that dpgpy = dasv is ensemble mini-
max if
m+ 2 m<p — 2)7min

(4.7) diffzyi—[Q(m_z)C— TR ]>0.

Substituting and simplifying yields

P .
2(m —2) (m — 2); ~i
L m=6 Yj.7 P = D hmin S

Vi m — 2 2(m—=2) Ymin
’ymm[m p—2) m+2 2m(p—2)

v P m—2  2m—2) m+2 ]
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This verifies (4.7) and proves dpppy is ensemble minimax.
The proof for 6ng gy is similar, but easier. A\; and v; are defined as before.

Condition (4.6) is still required in order that 0 < \; < %I:;) and v; > 0.
Truth of (4.7) validates the remaining condition in Theorem 4.2, and hence
proves (5; ppy is ensemble minimax. O

5. Shrinkage towards the Common Mean. In the sections above,
we discuss the ensemble minimaxity properties of the estimators that shrink
towards zero under the heteroscedastic model. We will generalize our method
to provide a class of ensemble minimax estimators that shrink towards
the common mean in this section. Assume that X ~ N(6,%) and 6 ~
N(ul,72I), where ¥ is the covariance matrix. We first present a Lemma
whose proof is sufficiently simple to be omitted.

5.1. General Theory.
LEMMA 5.1.  There exists an orthogonal matriz Q) with the form
14T
o= ).
Q2
such that T = QXQT can be written in the block matriz form
Ti1 Tio
T —
( Tor Ta )
where T11 is 1 x 1, and Ty = diag{tas, - ,tpp} is a (p—1) x (p—1) diagonal
matriz.

From the fact that () is orthogonal, we have

@1 = 0

Q0% = I,

T, = Ip—111T.
b

Moreover, we also have Ty = Q2XQ1. Since ¥ is positive definite, we can
easily verify that Ths is also positive definite. Therefore, ¢;; > 0 for all
i=2,--,p. Assume p > 4. Let Y = QX ,n = Q0 and Yy = (Y2, -- Y I
Then we have

1

(Y 1)) — N2
=, )@ m= (i )
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which implies Y1 = /pX and Yy = Q2(X — X1). Note that Qul =
(v, 0, ,0)T and Qdiag(7?I,)QT = 7%I,. Consider the estimator em
with the form

(5.1) bem(X) = Q7 (V1. &(Vo)). -+ 6(Yiey))

where &(Y(Q)) is any ensemble minimax estimator for ), Vi = 2,--- ,p. We
then have the following result.

THEOREM 5.1.  For p >4, d¢p, in (5.1) is ensemble minimaz.

PROOF. Since {(Y{s)) is an ensemble minimax estimator for 7y, we have
that

< trace(T»2) ,

E [ S (&(Y(z)) - 771‘)2
=2

Y2

which along with
E|(Yi —m)’] =Tu

and trace(T') = trace(X) implies

E [(Yl —m)* + Z (fz’(Y(Q)) - m)z < trace(X) .

Therefore, we have

E > ((6:(X))i — Hi)Q]

Li=1
(@ (V1= m,&(Y) = m. , &(Y) = 1))
QT =M, &Yy =6 (Vie) — )]

= b

p
= E|(M —n1)2+2(&(Y(2)) —m)2
=2

< trace(X)

which completes the proof. O

Note that dcm in (5.1) can be interpreted as “shrinking” towards the
overall mean since it can be written as d.,(X) = X1 + QI ¢(Qa2(X — X 1)),
which is a generalized shrinkage estimator.
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Furthermore, if we assume that &(Y(9)) = (1 — hi(||[Y(2)[|*))Y; for i =
2,---,p, we have
dom(X) = X1+ Qadiag{l = ha([Yip)|[*), - .1 = hy([IVie)I*)}¥ie)

= X1+ QUding{1 — ho(| V|, o1~ hp((| Ve I} Qa(X — X1)
which, along with the fact that [|[Y{o)]* = [|Q2(X — X1)|I* = | X — X1]?,
implies
Sem(X) =X1+D- (X — X1)

with D = Qj diag{1 — ha (| X — X1|J*), -+, 1= Ry (| X — X1[1*)}Q2.

5.2. Random Effects Models. The standard one-way random effects model
involves observations of independent variables Y;, i =1,--- ,p,j =1,--- ,J;
under the distributional assumptions

Yijlu, 7~ N(0;,07%)
0; ~ N(u,7%) (independent) .
Here, the unknown parameters are o2, u, 72. To fit with previous notation,
let

Ji

1
Xi = Yi=7)Y
ii—1
P Jz P
M = ij i :Z(Jifl):n*p.
A j:]. i=1

Thus, M denotes the usual sum of squared errors and m denotes the degrees
of freedom for error.

The goal in random effects estimation (sometimes referred to as “predic-
tion”) is to estimate (predict) the values of §; under ordinary squared error
loss

p

L(570) = Z((Sz - 91')2

=1

The usual estimator (predictor) is of course d;(X) = X;. This problem is
clearly mathematically equivalent to the ensemble minimaxity formulation.
Hence, ensemble minimaxity in the hierarchical formulation is identical to
ordinary minimaxity for the estimation of {;} in the random effects model.
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We construct a class of ensemble minimax generalized shrinkage estima-
tors following the approach in Section 5.1. Let I' = diag{1/Jy,--- ,1/Jp}.
From Lemma 5.1, there exists an orthogonal matrix ) with the form

7l
— P
o=(5 ).

such that T'= QT'Q” can be written in the block matrix form

Ty Tio
T p—
( To1 Tao
where T7; is 1 x 1, and Ty = diag{tes, - ,tpp} isa (p—1) x (p—1) diagonal
matrix.

Assume p > 4. Let Y = QX ,n = Q0 and Y(g) = (Y, ,Y,)T. Consider
the estimator d.,,, with the form

T T
(52)  Femn(X) = Q" (V1,6(V2), M), & (Vo) M),

where §;(Y(2), M) is any ensemble minimax estimator for 7, Vi = 2,--- , p.
Note that demy in (5.2) can be interpreted as “shrinking” towards the overall
mean since it can be written as dene(X) = X1+ QFE(Qa(X — X1), M),
which is a generalized shrinkage estimator. Following the similar approach
in Theorem 5.1, it is easy to verify that d¢p, in (5.2) is ensemble minimax.

Especially, if we choose 5255‘/ as £ here, we get the estimator 555v.re with
the form 7

(5-3) (0Gsvre(X))i = X1+ QFAQa(X — X1)

: Ao Mt ApMt
where A = 1-— 224122 e (1= p Mipp W
ere diag{( uth22+HX—X1\|2)+’ S ( uthpp+|\X—X1H2)+} ©

have the following corollary that shows its ensemble mimimax properties.

COROLLARY 5.1. 52¥_SV;re in (5.3) is ensemble minimax if p >4, m > 3
and for any i =2,---,p, 0 < \; < 2";5’_’;23) and v; > (ﬂ‘fg)\z — mrff__s)(l +

t’t"%)ﬂ Hence, (%SV;M 18 minimazx for the random effects model under these

conditions and dominates the usual estimator 6;(X) = X;.

In the interest of space we omit the formal proof. If a single version of the
above estimators is to be used for all Ji,--- ,J,, the preferred and simple

choice would be (%SV;W in (5.3) with \; = %;23) and v; = 0.
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